Spontaneous particle creation in time-dependent overcritical fields 
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It is believed that in presence of some strong electromagnetic fields, called overcritical, the (Dirac) 
vacuum becomes unstable and decays leading to a spontaneous production of an electron-positron 
pair. Yet, the arguments are based mainly on the analysis of static fields and are insufficient to 
explain this phenomenon completely. Therefore, we consider time-dependent overcritical fields and 
show, within the external field formulation, how spontaneous particle creation can be defined and 
measured in physical processes. We prove that the effect exists always when a strongly overcritical 
field is switched on, but it becomes unstable and hence generically only approximate and non-unique 
when the field is switched on and off. In the latter case, it becomes unique and stable only in the 
adiabatic limit. 



INTRODUCTION 

In a long debate QSH&HEHIion whether and 
how spontaneous particle creation (of e + e~ pairs) can be 
uniquely defined as an effect of the vacuum decay in pres- 
ence of overcritical (electromagnetic) fields either static 
or adiabatic fields have been considered, what does not 
really answer the question in a realistic physical situa- 
tion. The main problem in time-dependent overcritical 
fields is to distinguish between two sources of particle cre- 
ation: dynamical, due to the time-dependence, and spon- 
taneous, due to the overcriticality of the external field. 
In [9j we have studied analytically and numerically var- 
ious time-dependent overcritical fields and shown when 
the effect can be uniquely defined and behaves stable. 
The aim of this Letter is to summarize our results which 
will appear in a a more extensive form elsewhere. 

Classical Dirac equation 

Electrons in an external time-dependent electromag- 
netic field A^(x) are described by the Dirac equation 
which can be written in the evolution form 

d 
i—^(t,S) = H(t)^(t,sc) with H(t) = H + V(t), 
at 

where V(t) — eA + ea'i; is the time-dependent ex- 
ternal potential and Hq = —ihca l di + mc 2 /3 is the 
free Hamiltonian. Consider every H{t) separately treat- 
ing t as a parameter. For atomic-like (localized) po- 
tentials the spectrum cr(H) has two continuous parts 
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U (me , co ) and a possible discrete part 



{E n E (— mc 2 ,r7ic 2 )}. The corresponding wave functions 
ijje{x), satisfying HipE — EipE, describe: electron scat- 
tering states for E > mc 2 , bound states for \E\ < mc 2 
and positron scattering states for E < —mc 2 . 

Overcriticality on the classical level 

Consider a one-parameter family of potentials V\ (x) = 
A • V(x). Enumerate the bound-state energies: Eq(X) < 
-Ei (A) < Ea (A) < .... Then the bound-state energies 
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E n (X) depend continuously on A. Assume V(x) is nega- 
tive (attractive for electrons). Then if A increases, E n (X) 
decrease towards —mc 2 (fig. 0. There exists a large 
class of potentials V(x) such that Eq(\ ct ) = —mc 2 for a 
finite A = X cr , called crititcal. For A > X cr the bound- 
state Eq disappears from the spectrum. Such potentials 
V\ are called overcritical. Further, next bound states E\, 
2?2> •••) disappear as A grows. 
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FIG. 1: Spectrum of H\ = Hq + X V as a function of X. 



Resonances 

Bound-states crossing the value E = —mc" 
den to get embedded in the negative continuum, so they 
disappear from the spectrum and turn into resonances, 
which can be traced as poles (on the analytic continua- 
tion) of the resolvent R x = (H x - E)- 1 (fig. |2J>. 

As the Hamiltonian changes so that a bound-state 
turns into a resonance, the dominant part of the bound 
state wave function forms a wave packet localized spec- 
trally in the continuum around the resonance energy 
Eji = KcE. The half- width of the packet is equal to 
r = Im_E. During evolution generated by a static over- 
critical Hamiltonian the wave packet decays spatially 
(but stays localized spectrally). 

What is expected by overcriticality ? 

Consider time-dependent Hamiltonians H(t) — Hq + 
X(t) V with an overcritical period X(t) > X cr for \t\ < T 
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FIG. 2: Position of the real or complex pole of the resolvent 
R\ meaning a bound state or a resonance, respectively. 



(fig. |3J|. When X(t) changes adiabatically the bound 




FIG. 3: Spectrum a(H(t)) of time-dependent Hamiltonian. 

states (defined at every instant t) change slowly and 
according to the adiabatic theorem the wave function 
"follows" them. Yet, there is no adiabatic theorem for 
resonances, thus during the overcritical period the wave 
packet may decay and stay trapped in the continuum 
forever. 
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FIG. 4: Pair production in an overcritical process. 

To explain these processes in terms of particle creation 
and annihilation one needs a many-particle description, 
i.e. the second quantized Dirac theory. Formulated in 
a non-rigorous language it provides the following sce- 
nario [9j (see fig. QJ: A) An empty particle bound-state 
crosses the boundary between particle and antiparticle 
subspaces and turns into an occupied antiparticle bound- 
state, what we call weak overcriticality. B) The bound- 
state turns into a resonance and the wave function forms 
a wave packet in the negative continuum, what we call 
strong overcriticality. C) The wave packet decays. D) 



An empty antiparticle bound-state reappears while the 
whole wave function stays trapped in the negative con- 
tinuum. E) The empty antiparticle bound-state turns 
into an occupied particle bound-state. Finally, we obtain 
a pair: a bound particle and a scattered antiparticle. 
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FIG. 5: Spectrum of produced particles and antiparticles in 
result of a time-dependent overcritical field. 

In practice, except the adiabatic case, the wave func- 
tion disperses during evolution over the whole spectrum 
what results in an additional dynamical pair creation. 
Essential is the question whether it is possible to sepa- 
rate the spontaneous particle creation occuring due to the 
overcriticality of the potential from the dynamical one. 

QED IN EXTERNAL FIELDS 

To describe physical processes one needs full QED, but 
it appears too difficult to be solved in our case, so we 
consider the external field approximation, i.e. treat the 
electromagnetic field as classical and quantize only the 
Dirac field. This approximation is believed to be accurate 
as long as the number of charged Dirac particles stays 
small and does not influence the electromagnetic field. 

In presence of overcritical fields the vacuum and parti- 
cles change their properties qualitatively so that in order 
to treat them correctly the analysis must start from the 
first principles. 

Fock space and the field operator 

The construction of the theory begins with the alge- 
bra of fields $(f) anti-linear in / G Ti - the canonical 
anticommutation relations 

{*(/), **(<?)}+ = (/,<?) 
{*(/),%)}+ = {**(/), **(.g)} + = 

V/, g € Ti with (/, g) a scalar product in Ti. We rep- 
resent them as self-adjoint operators acting in the Fock 
space. The representation is unique up to the choice of a 
pair of projectors P± : Ti — > Ti± which split the Hilbert 
space Ti = Ti+ (J) Ti- on the particle and antiparticle 
subspaces. Then, the Fock space is constructed as 
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JF = T (n, m ) = ^ 
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with T^- 0,0 ^ one-dimensional space with a unit vector 17, 
a no-particle state called vacuum. Using the projectors 
P± we split 

*(/) = 6(P+/) + <f(P-/) V/eH 

so that b(P+f) ft = d(P-f) ft = 0. Then &*(/) and d*( 5 ) 
create particles and antiparticles in states / G 7i+ and 
<7 € H_, respectively, and &(/) and d(g) annihilate them. 
The choice of the projectors P± is equivalent to the 
choice of the vacuum vector ft G T. Two representations 
based on P± and Pj_ are unitary equivalent if and only 
if the Hilbcrt-Schmidt norm 



\\P±-P±\\h.s. <oo. 



(1) 



So unitarily non-equivalent representations, giving differ- 
ent physical predictions, are possible. To exclude them 
one distinguishes P± as spectral projections on the pos- 
itive and negative energy subspaces of the Hamiltonian 
H. Then the induced vacuum vector 17 is a ground state 
of the Hamiltonian H implemented in the Fock space T. 

Particle scattering in Fock space 

For time-dependent Hamiltonians H(t) the above con- 
struction must be repeated at every instant of time with 
time-dependent projectors P±(t) and leads to a family 
of Fock spaces T(t) . To implement scattering processes 
it is sufficient to consider only the initial T n and final 
Tout- The classical (one-particle) unitary scattering op- 
erator 5 :TL — > Ti is implemented in the Fock space by a 
unitary S : T —> T such that 

£ otlt (/) = hn(Sf) = S hn(f) S*. 

It exists when 5 satisfies the Shale-Stinespring criterion 

\\S ±t \\ h .s. = \\P±SP^\\h.3.< 00 

This guarantees that the initial vacuum state 17 G T 
evolves to S 17 G T. 

STRUCTURE OF S x 

For time-dependent processes with H(t) = Hq + V(t) 
the scattering operator 5 has the following form 



5 — Co ■ So S 



(2) 



where Co is a normalization constant, 5 creates and an- 
nihilates particle-antiparticle pairs or scatters, and the 
exceptional part So creates and annihilates single parti- 
cles. Acting on vacuum 

S ft = Co d* n _ . . . d\ b* n+ ... Sj exp ( ^ A kl b*Jt) ft 

k,l 



So creates single particles and antiparticles b* and 

*f. 



d* which correspond to the special states 4>: r, which 



are mapped by S from Ti± = P±(—oo)H to H' T = 
P^(+oo)H. It has been conjectured that the sponta- 
neous particle creation is associated with the presence of 
the exceptional part So |l) ■ 

Potential switched on: H ( — 00) = Ho 7^ H(+oo) 

For unequal initial and final Hamiltonians: P± = 
P±(-oo) + P±(+oo) = Pi, n + Q' x and b n ± &„', 
d n 7^ d n ' . For a family of time-dependent processes 
H\(t) = Ho + XV(t) one can get 5(A) according to J5J, 
but now we want to describe the final state in terms of 
the final vacuum Q' and final operators b n ', d n ' . To ob- 
tain this, we decompose the scattering into two parts: 
5(A) Q = V(X)* U(X) O, such that U(X) implements 
the scattering in T n , i.e. in terms of b n ,d n and V(X)* 
implements the change of projectors V(X)* fi = f^, i.e. 
the transition from T n to T ou t [Si Th. 3]. We show 
that U(X) is analytic in A and hence has no stable special 
states (w.r.t. A). On the other hand, V(X) has stable 
special states if and only if the final Hamiltonian H(oo) 
is overcritical! Then (for n_ = 1 and n + = 0) 

5(A) Q = C df exp ( ^ A u b* k ' d*A Q.' 

k,l 

We conclude that creation of the antiparticle is not due 
to the scattering process U(X) but due to the change in 
the structure of the vacuum, which can be schematically 
expressed as fl = d\' Vt' . 

The charge of the final state with respect to the initial 
vacuum and particles is conserved Q — (5 57, Q S Q) = 
0, but with respect to the final vacuum and particles 
Q' = (5 ft, Q' S $7) = 1 and reflects the existence of the 
an antiparticle. Simultaneously, the charge of the final 
vacuum with respect to the initial one is (f2', Q ft') = — 1, 
hence we say the final vacuum is (relatively) charged. 

Unfortunately, presently no processes with a switch-on 
of an overcritical potential are accessible experimentally. 

Potential switched on and off: H(~oo) — H(+<x) — Hq 

Analogously, time-dependent processes H\(t) = H + 
XV(t) give 5(A). Since 0, Th. 16] 5(A) is analytic in A, 
all special states are unstable w.r.t. A! 

There are two ways to treat this problem. Either to 
defend the role of special states in the definition of spon- 
taneous particle creation and consider the adiabatic limit 
which is free from the above instability, or to relax the 
condition of special states and define the spontaneous 
pair creation in a weaker sense. 

DEFINITION BY THE ADIABATIC LIMIT 

In the adiabatic limit the dynamical pair production 
tends to 0, while the spontaneous pair production sur- 
vives the limit. Let's consider processes where the po- 
tential V\. e (t,x) = Ae~ e * V(x) varies arbitrarily slow 



in time (e — > 0) and vanishes as t — > ±00. We can calcu- 
late the scattering operators 5a. £ . In the adiabatic limit 
it is possible that lim e ^ 5a, e ^ 5a, o and the probability 
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of particle creation: r> = 1 — lim e ^o 
jump at A = X cr , because 

• for < A < A cr (V\ subcritical): r\ — ► 0, 

• for A > X cr (V\ overcritical) : r\ — "-+ ro > 
This conjecture, posed and proved in the subcritical case 
by Nenciu [2|, in the overcritical case has been recently 
proved by Pickl |3|. Moreover, it has been shown that 
the decay of the resonance occurs already at the edge 
of the negative continuum leading to a creation of an 
antiparticle with vanishing momentum. 
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FIG. 6: Spectrum of produced particles in the adiabatic limit. 



Results: switch on and off processes 

• In all subcritical processes, when E^(t) > —mc 2 
exists for all t, no particles are created: 5 f2 = fl. 

• In the case, when in some interval of time t\ < t < 
£2 the bound state turns into a resonance in the 
negative continuum HeEo(t) < —mc 2 , which we 
call strongly overcritical, there is exactly one pair 
created spontaneously: S il — b (x) d*(if) fi. 

Results: switch on processes 

• When the final Hamiltonian is subcritical, the ini- 
tial vacuum evolves to the final vacuum: 5 Q = 0'. 

• In the weakly overcritical case, i.e. —mc 2 < 
E (t) < for all t > t , one bound antiparticle 
is created: Sfi = d*(ip B )' 0'. 

• In the strongly overcritical case, i.e. KeE (t) < 
—mc 2 for all t > t Q , one free antiparticle is created: 

sn = d*(ip c yn'- 

The essential difference between the results in weakly 
and strongly overcritical processes is that ipB is a local- 
ized bound state while ipc is a dispersing wave packet in 
the continuum. Therefore, d*(ipcY 0' "decays", i.e. the 
antiparticle escapes to infinity and can be measured by 
a distant detector, while d*(ipB)' H' is a bounded neu- 
tral composite whose components cannot be detected in 
any experiment! Otherwise, it would violate the unitary 
equivalence of representations guaranteed by (JTJ for two 
choices of the spectral projectors, namely the one used 
here, with P + projecting on [0, +00), with another one 



(used by Greiner at al, see |T{j and references therein) 
where P+ projects on (—mc 2 , +00). In the latter case our 
weak overcriticality is indistinguishable from the subcrit- 
ical situation. 

The same argument cannot be used to identify our 
strong overcriticality with a subcritical situation in some 
other representation, because then the projector P + 
would necessarily include a part of the negative contin- 
uum, violate the condition Q and lead to a unitarily 
nonequivalent representation. 

We conclude that only the strong overcriticality leads 
to physically observable effects. 



SPONTANEOUS PAIR CREATION IN A 
"WEAKER SENSE" 

Instability of the special states of 5(A) means that 

5(A) fi = Co d* (V>) 6*(x)exp (X^wfoft)". 

k,l 

after perturbation A — » A + <5A goes over into 

5(A) Q = Co exp(j2 A kib*Jt + Bd*(i>) 6*(x))o, 

k,l 

with \B\ < 1, but by continuity \B\ « 1. One can try 
to relax the condition of creation of a pair in the special 
states (with probability 1) in the definition of sponta- 
neous particle creation to creation of a pair with prob- 
ability w 1 in the corresponding states. However, it is 
difficult to keep this definition unique. 
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